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Abstract

This paper introduces the a-Laplace Elzaki transform, a significant generaliza-
tion of the nabla version on time scales. This transform rigorously established
the fundamental properties, including the existence theorem, linearity, and the
convolution theorem. Additionally, we derive the key derivative characteristics
that underpin its functionality. The a-Laplace Elzaki transform combines tech-
niques for discrete, continuous, and hybrid systems and is a powerful approach
for solving partial dynamic equations over time scales.
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1 Introduction

The integral transform is a mathematical method to study integral and differential
problems. Research scholars have examined the theory and uses of transforms, such as
the Sumudu, Hankel, Laplace, and Elzaki transforms. Any non-empty closed subset
of R is called a time scale. Here, we assume that a time scale T is unbounded above
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and to € T is fixed. Forward jump operator o : T — T is defined as

o(t)=inf{s € T :s >t} and backward jump operator p: T — T is defined as
p(t)=sup{s €T:s<t} Fort €T, is said to be right scattered if o (t) > t, and
itis left scattered if p (t) < t. If t <sup T and o (t) = t, then t is called right dense
point. If t > inf T and p (t) = t, then t is called the left dense point. Points that
are right-scattered and left-scattered at the same time are called isolated. It means
thatp (t) <t < o (t). For t € T the forward graininess function u : T — [0, o)
isu (t) = o (t) — t. For t € T the backward graininess function v : T — [0, o0) is
v(it)=t—p(t)[1,2,5,6,8, 11]. For a function h: T — C, T. G. Thange and S. M.
Chhatraband [10] have defined a new a-Laplace transform on time scales as

H—— (2) = L*{h (1)} if";zep(t,s )h(t) Vt.

In [7], authors have defined the Elzaki-Laplace Transform as
- Jool oo .
LEF}=f(s,p)=p ¢ o e Af (¢ 1) dxdt.
This article defines the a-Laplace-Elzaki Transform on time scales to solve dynamic
equations.

2 Preliminaries

All results in this section are taken from [2—4, 9-11]

Definition 1 A function g : T —» R is considered Id-continuous if it is continuous at every
left-dense point and the right-sided limit exists at every right-dense point. The set of all Id-
continuous functions is denoted as Cjy (T, R). Note that, g h € C;4(T,R), then g Dv h =

- _—8
g+h—-vghand ©&,g= v

Definition 2 An Id-continuous function g : T — R is called complex v-regressive
(positively v-regressive), if 1 — v (t) g (t)/=0(1 — vg (t) = 0) for all t € Ty. The set of all v-
regressive functions is denoted by Ry (T, R) and the set of all positively v -regressive functions

is denoted by R,}(T, R) If time scale T has a right scattered minimum m, the Ty =T-{m},

otherwise Ty =T.

Forh>0,wehave Cp(z)= z€C:z/= ;17} andZ,= zeC: 75 <Im(z2) < %} with
Co =Zo=C. Further, the Hilger real part of the complex number is given by

Rep (2) = (1;{1;_th1 and imaginary part of complex numbers is given by Imy (2) =
&gﬂ;—hzl, where Arg denotes principal argument of a complex number. Note that, Rep (z) =

Re (z)and Img (z2) = Im (2).

Definition 3 (Regulated Function) A function ¢ : T — R is said to be regulated if its right-
sided limits exist(finite) at all right-dense points in T and its left-sided limits exist(finite) at
all left-dense points in T.
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Definition 4 (Exponential Function) If g in RY {T, R), then nabla exponential func-
tion is given by eqg (t, to) = exp .tto wtyg (t) Vt , for t, to € T, where the v-cylindrical
transformation &, : C,, — Zj, is given by &, (2) = %Log (1 - zh).

Lemma 1 If g € RV (T, C), then € (¢ to) = 222" gnd eV (¢ to) = Og eoq (¢ to) =
¢ ©g 1—v(t)g(t) eg
T=vg €og (t, to).

Definition 5 A function g belongs to the space A (T), if

i) g is piece-wise ld-continouus in every interval [to, T] N T.
ii) g has exponential order k ,(k € RY [to, o)) on [to, 0) there exist M >0, such that
lg (t)] < Mex (¢, to) for all t € [to, ).

The minimal-graininess function vx : T — RBis given as vx (to) = infv (t) for t € [to, ).

Theorem 2 (Decay of the nabla exponetial function) For supT = oo, let to € T and
w € RY [to, )1, R . Then for any z € Cu.(to) (w), we have the following properties,
i) e we:z(t to)| < €"weRe,, () (t, to) for all € [to, ).

II) Ilmt—»oo eAweReV*(rO)(z) (t; tO) =0.

iii) limi—« e”yo: (t, to) = 0.

Theorem 3 leta b,c€E T,76 €ERandf, g € Cg. Then, the following statements hold.

i) Ji’,[f(t)+g(t)1Vt=Jf’,f(t)Vt+J‘j,g(t) vi;

ii) | 2 (6f (8) Ve =8 f (1) Vi;

i) Zf(t)Vt=J— 2f(t) Vit

iv) \PF)VEt="Sf() Vi+ F(t) Ve

v) |2 £ (e () gY (t) Vt = (fg) (b) — (fa) (@) — fY (g (t) Vi
vi) 1af (0197 (1) Vt = (fg) (b) — (fg) (a) — f¥ (1)g (p (1)) V&
vii) gf(t) Vt=0; I, I,
viii) If |f ()] < g (t) on [a, b), then o L£(t)VE < ,g(t) VL

ix) Iff(t)y=0foralla<t<b, then 2f(t) Vt=0.

Definition 6 The function g (t1, t2) : T1 x T — C is said to be of exponential type I,
Kit1+Kst,

{08 Sr s En PP Kt it ARES A R T R, M9 such thaf 16 (8, 5579

Me koK, t1, 0, t,t -
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3 Main Results

In this section, we extend the definition of the Laplace Elzaki transform on time scales
introduced in [7].

Definition 7 Suppose that T; and T are time scales such that
sup{Tq, T2} = 0 and tg € Ty, to € T, are fixed, we define the a-Laplace Elzaki transform
of an Id-continuous function g : T1 x T » C as

T o000 pi1p2

LB [g(ty 2)] =G % a) =a 4 e tutytoto gty ta) VaaViy,
q

forall 2% 1 € D, {g}, where D, {g} consists of all 2% 1 € Ry (T, R) for which the improper
q 'R

q
integral exists.

Theorem 4 [ExistenceTheorem] If g : T, x T, — C is an Id-continuous function of
exponential type Il. Then the a- Laplace Elzaki transform of g (ti, t2) exists for all regressive

2

z and & provided, Re} (z) >Ki, Rev & >Ka and converges absolutely.

Pro of We have, 1%, Et, [g (t1, £2)]
— g ®"® poy , t,t,t,t gty t2) V1Vt
qtotoeze‘rlzoo
0000 pip;
<9 4 4 Coro L ty, to, to, o |g (t, t2)] Vt1Vt2
T00 " 0o p1p;
=4 g o S0 L
< = o *, P1P2
=4 ¢ t Oeez"e s
‘00 = o Eezte 111 ty, to, to, to

:Mq to

ty, t2, to, to |g (t1, t2)| Vt1VE2

t1, t, to, to Me K, oK, ti, tz, to, top VtiVta

’ - e” ty, t2, to, to  Vt1Vt
fo (1—va()z?) 1-va(n L ke 1vi2

- 0o €7Kgeza Tttt b eAKze 3 tutatotp

- * 9o > Vt
=My —mwmm V9 1v e 2
h i n q o #
_ M = 00 Klfzo‘ R V q . c,>o 2 T " ¢ t’
Ki—zZa t, (1—vz%)C Kioza (ta, to) Vi1 ) Ke—& 1o 17‘/2;7 Kol 2, Vi
h "0 o ! . 00 1 !
= KiMz? t (K167 ) e K ozx (t1, to) Vi1 K;q—i . K © 7 €ket Lty Via
h i T b q

M o0 VY q " eV :
= K=z 1, CKjem (L to)Vtr =z [ fKer 20 Vi

M q°
z*—K;4 I—gK3

Q|

provided, l‘Iim eK,oz (t1, to) > 0 and Iim €.o1 tr t; — 0 with
1— 00 t: q

27— 00

Rev, (z) > K1 , Rev, ; > Ko. O
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Theorem 5 [LinearityProperty]

If c1g1 and c2g2 are the functions of class A(T) with constants c1, c2 € R, then

L% Ee ,[c1g1 (ty, t2) + 292 (t1, t2)] = caL%Er ,lg1 (ty, t2)] + c2L%Er g2 (ty, t2)]-

Proof Let c1g1 (t1, t2) and c2g2 (t1, t2) be functions of class A (T) with exponential order k1
and k2 respectively. Then L Et, [g1 (t1, t2)] exists for all z € C (v, (t,)) & (k1) with Rev, (z) >
k1 ,and L‘;Et 2[gz (t1, t2)]exists for all Z,E C(v«(to)) (k2) with Rev, (17 > k>. Then
L$ Et ,lc1g1 (t1, t2) + €292 (t1, t2)] exists for all 2% 156 Dv {g} with Rev , (2), Rev, = >
max {ky, k2} .

J ol
Lfl Et2 [c191 (t1, t2) + c292 (t1, t2)] = g

epelfﬂze 1 it to to [c191 (t1, t2) + €292 (t1, t2)] V1 VE2
t
J oo [ %

— t,t,t,t
=gq . eglzp:e L Wbty [c1g1 (t1, t2)] VtaVE2
to _to q
.I- oo..r 0o ¢ r ¢ t, [ ( )]
+q . gl vt c2g2 (t1, t2)] ViVt
,fo t, ©2% g #
o I

o tot,t,t [g1 (t1, t2)] VE1VE2
o t Oz 4 0
n

I

#
.,r [o0] ..r (9]
+ C2 q ep1pz

t,t, t,t lg2(ty, t2)]VtiVty
¢ €gag bt 1200
to to q

I

= a1l Et, [g1 (t, t2)] + oL, Ee, [g2 (2o, t2)].

O
3.1 The a-Laplace Elzaki transform of some elementary
functions

We apply Definition 7 to find the a-Laplace Elzaki transform of some elementary
functions as follows:

A) gty t2) =1
Proof:

LYE [1]1=q" ° Ooeplpz t,t,t,t VtVt
t, t2 - € 1020 0 1 2
to to q

€ ong1 t, to, ta, ty
=q , g 1 Vt1Vt2
to ty (1 — Vi (t) Za) 1—w (t) F
J- 0
®  greze (ty, to)

J- R eAGEL ta, t(,)
q

TT)—HT tl u vtz,
to (1-w ty 1—V2(t)$—
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B)

C)

0
L = ety 1) . 1=
—-z% 4 (1-wn ()29 S
q
0 !
= = (eza) e on (tl, to) vVt ,Jf ,
(Z ) to 71 ty
) " J
_ -1 eVi (t,t )Vt —q? eV t,t
= oz 1 0 1 , g1 2
(z2%) ¢ to 9

2
L[tfl Ee, [1]1= —

PrOVided, tllmo €oza (tj_, to) — 0 and tlzilnweelﬂ t), t — 0

&, ¢.8)V

()
(tl, th) = ezep t1, 1tz to, t
t, t2 Caob i
L~ I?[ t1, ta, to, to
=9 :)o :)o eglzﬁ;ze . bt tO/ to €asp tl; ty, to, tg Vt1Vty
a,
,[ Ioo e ezﬁel tlzto,tzlfo eqmb tl,tz,to,to
=96 1 (1— vl(t)z“)(1—vz(t)qL) V#?Vtz
hJ-OO e’ gea(ty, to) V Ioo o t tb
= a© t o oe”q tyt
to (IT—vi(t)z%) q t, (1*Vi'z('t')qL) Vtz
h 1 e (a-zmepenituty —a " ® (b=1)eyoy(t2to)
S @ o6 awom V0 o) 6 (e Ve
h [ i [
aoz® P \Y 9 ® pot
e o | 5o il 52) o o Y
= 1 o q > V2
RO 06.2“ (b, 1) VT, Ba—1) 1o ebe;, bty Vi
_;_I q, 1
= z2—h 1-bg
L*E e
ot aop Ll tO G m
0,
(t1,ftz) = sinaeb t1 0
h .
P |
Ltl ﬁutz J-SIn aob t1, by, to, g
=q T 7 e’ sin Vvt Vit
to t, ©z279} ty, ty, to, & aob t1, b, to, Ly 1 ,
e s 4 5
J- .[90 ’ i(a@b) tulatoty —esjaebp) trtatolp
=q to e L ty, t, to, T = -
€i(a®b) tl/tzltofto —€oi(a®b) ’tlth/to,to
—_ La Etz >

Vi,
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D)

E)

F)

h i
=1 q? — q>
2i (F¥—ai)(1—ibq) (z°‘+ai)q1+ibq)

L*E sin t1. b, t t, _ qg?(zebg+a)

t, b2 a®b L 2, L0, Lo ~ @@Fa?)(1+bZg7)

’ tZ/ to/

g (ty, t2) = cosaep t1 o

roof:h .

;1
LEE: OSaeb ti, by, to, ty

°°J-°° 0102

=q to t, eezae ;7 t1, ty, to, tO COS,0p t1, ta, to,/ to th vtz

e £l £l .
IooJ 0o ! ila@b) tilatoty +€eilaemb) titatolp
= r eor ti, ty, to, vt Vt,
to o “ozo & 0 Z
—LeE €jamb) trlototy +esjaeb) titatolp
- byt 2
h R R i
_ 1 q q
=7 GAenai—ma t @=*ai)(§+bq)
L* E cos o g2(z2—abq)
t, b2 aob 1, o, to, tgz, to_ (zZ%+a?)(1+b2g?)
7 4
ﬁ(tl' t2) = sinhaer t1 o
roof:h )
) i
L?I ﬁtz J-Slnhaéﬁb t1, ta, to, tO , ,
=g O T PP sinh Vit Vit
o t, ozol ty, ta, to, to a@b 1, b, to, to 12
e > ’ B ’
_[ _[ ¢ tytytoty —€
oo © _pip, (a®b) 1,02, To,Tg o(a®b) t, bttty
=4 4 t €, 00 1 ty, 1o, to, fp 7 ViVt
q
€wab) tulatoty —€oep) tulatotp
=L%E
t; —t2 2 -
h i
—1 q? _ q°
7 (@Aa)(1—bq) (z*+a)(1+bq]
L*E sinh t b t t, _  g%z°bg+a)
t, b2 a®b 1L 2 O/tO t ZZ@—a?)(1—b2g?)
s L2, Lo,
E (ty, t2) = coshaep t1 0
roof:
h i
L?I ﬁtz J-COShGGBb ty, to, to, Ly , ,
=g O T P cosh Vit Vit
o t, ©molL ty, ta, to, to aob 1, b, to, to 12
e E ’ . ,
’ tytytoty +€
J-oo .'-90 P102 (a®b) 1,02, To,Tg o(a@b) Tttty
=49 4 ¢ €ore 1 Lt lo o Z ViVt
q
- LeE €ap) tilrloly +eoab) tilzlolp
- bt 2
1
—1 q? + q?
—2 (z“ﬁa)(lqu) (z"‘+a)(1+bqi)

L% Et, coshaob ty, ty, to, tp = ﬁ%ﬁ—i@%

G) g(ty, t2) = tutz

Proof:
L% E:, [tits]
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o]

=q 0 T ettt ty tit,Vt;Vt
0

©z90 L
Ioo Ioo sae 1 tl,tzlto,to
=q, . “esto § t,t,Vt, Vt,
hf (A-vi)z)(1van)¥) ~ 7
0 eg.a(tyto)ty J-OO 6617 ty,ty ta
to (T=wz Vi d ¢ mvh
: #
h i -1 ’
_ 1 J-oo (—2z%)e oza (ti, to)t: Vt " g J o0 (T)ee% tyty to Vtz
=27t [EARED) T o (1—v¥)

h J i o) !
= (;7 tzo(eza)EQZa (tl, to) t1Vt1 (%) tor 61 861‘? t, tO tzvtz

q
h [ eV i ) \ )
= g Joo
=29 t €z (tlz to)t th (7? t ee;i t, & tZVtz
Applying the integration by parts rule, we get
I
In Eénera
h i mn m!nlgn+?
L¥Ee, gm (ty, to)gn to, to =L%Es [tl t2]= SmEha (|

Theorem 6 (Basic Derivative properties of «a-Laplace Elzaki Transform) Let

g t2) : T1 x T, be_an /d—contlnu us, functio §uch that g dg(tl’tZ),

ggi’(t ,t) Pqlts tc; eva t) CLicha) H’ % g&' ‘{2) are 13,50
12 W 1 2 Vat 1 2 T

Id-continuous. Then

1) LYEe, gVi(ty t2) =2°L7Ee [g(ty t2)] — o, [gh(to, t)], ;

2) La t I,,Fv (t]_/ 2 = 5 1 [g (t t?] t g tl, t’o ’

3) L?l t hgvl (t]: /5 )i =z L:Xl [g( 1/ 2)] -2z E [g (tg tz)] - E ghV1 (t(y tz) 7’

i |

4) LEE, g% (6,8) =2 LAE, [g(t, t)] —q LY gv thto —LE g tuty

Proof 1) L"‘ Et gVt (ty, t2) =zL* Et [g9 (ty, t2)] — E, [g (to, t2)]
L[;Et QV1 (tl, tz) "

= qf,: f ey ttatoty g7 (6 t) VTG,

= thZo 62215 t to h t? ﬁ%lza (ty to) g ' (ty, t2) Vtr Vi C
=q Iiff &t H o (eex(tyto)g (v 6) Vie &l (t ta(tt) Vh Vi
= qft‘? egia ta, t;) h—g(to, to) —Itzo o (ty, to) g (t, t2) Vi Ytz

= qjt? e@ﬂa ta, t;) h9 (to, t2) — t:o 6z%" 6. (t1, to) g (t1, tz))VtiL Vt,

- It? £ty L9 (o ta) = jazliiﬁ%‘;&% (ty L)Vt V1,

=gq t?o e@z t, té) —g (to t2) + z“ to eeza (ty, to) g (t1, t2)) V1 Vi,
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Jroo P2
-4 f;; ee&

' J o
ta, tO g(to, tz) vtz +z"‘q
_EtZ [g (tO/ tz)] +z L Et z[g (tl, tz)]

i ty, t, to,

to ©z%© L

g (tl, tz) thvtz

= 2°L%E: Jg (t, t5)] — Et g (to, t2)]. O
2) _ hg ty,t, 1
. Mg ty,
Lff'%t v2((t t} = L g (et ) - g LA ’
t, Lto 1/ 2
= tho (, oy tutatoto gV (ty, t2) Vta Vit
) q.[to epla (t1, to) t?o e:% tyty g'° (ty, t2) V2 V1
o]
=q" " a(t,t) o ' Vi oW ’ vVt Vt
e (t, O)h T eon t,t glt,t) e tiz,t0 g(t,t) , vt
) o ’ ) o ‘
=q ,, €8«(t to) ti, to e eyt ty gty b))Vt v
q
=q tzo epelza (t, to) w9 t1, o — tzo 616’91 tz, to g (t, tz))Vtz# vVt
.‘-oo 1 ’ .[ ( &)eel t2't0
=q 4, €8z (ty, to) h—g bt — 'y, gy 9 E)VE Vi
I Y i
=4q L (t, to) —9 tutp + q t;h ejgz% J_tz; to g (t, )Vt Vt i
! 1 (o) oo 4
==, Eu(tyto)g tuty Vitbg g7 8%, tutitoty g(h t)VaVe
— 1 [ _ o
3) = ELthE tz[g (tll tzi)] q Lt1 g ti, g O
o vz — F2a a _ s _ Vi
LtlE (t t) z LtlE tz[g(tit)] z Etz[g(tdtl)] Etzg (tdtz)
LoE Vi, t)
I I°° Pt ty to ty 9Va(tyt) VEVE
to  ty ezaelh’h’ o i ;
= qj.tz egzla tz, to h t(:)o Coza (tl, to) ?Vl (t1, t2) 1 —_ geia (tll tO) gvil(tll t2) th Vtz
P2 ’ P1 1
= qjt'l0 eel, tz, to _g (tO/ t2) + z to €6za (tll tO) g (tll tZ) th Vtz
qa .
=g~ T e” tyt
. er 7% [ nh i
X —g_|v1 (to, t2) + 2% 7 (e (ty, to) g (L1, t2)) Vi— elk(tuto)g(tt) Vi Vi
= . h to g7 (to t2) Vit + i
o " p, 1 . o0 Vi
zq tj €or thty —gltot) — , €om(ty,to)g(tyt) Vt Vi
= —q :o €7 tyty gV (to t2) Vo + )
| ®&  "h i
2% tj e; trto —gl(tot) — . (62%) (essx (ty, to) g (t1, t2)) Vtr Vi,
= —? ot tohgvl (to, t2) V2 + :
q
2% t;_o epezla By to  —g(to t2) — tzo (jv_[—ﬂ—)iiz ,)?,leiazgtl’t(’) g(ty, ) Vty Vv,
=-q t?° e,;zL tyto 9% (to, t2) Vit +
0 q
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f . h [ i

z% too 921 ty o —g(to t2) + 2 ,:)o €22 (ty, to) g (ty, t2)) V1 Vi,

Jo '
Ie’él ity 0V (ot V=27 & 1, g(tata) VEa

+ 22"(3 . C gt t)Ve Ve °F
to epelga ty, b, to, gl v 2)) 1 2
=2z Lf’l Ee bg (tu, tb)] — 2% E¢ bg (to, t2)] — E¢ 2 9:1 (to, t2) " L
* o1 o1
4) LEE, g¢%3 (tl, ty =aLEelg(t,t)l —qlg gV2 tuty —LE g tuto
a v?2
ConJS|d?r L t gV, (tl, tz)
=q o : err . t ty to t; G¥2(t,t) Vit VtZ
2 ’
=q “e, (t t) Jo e t t gy (t,t) — eV2 t,t g2(t,t) Vt Vit
to ©z to o, 21 2 ok 20 12 2 1
Ioo h . 1 0o P ’, 1
=4 4 % (ty, o) —gV2 tytg + g t, e bty gVi(ty t2) Vt, Vt
q
=q e (t,t)
to oz% 0
- , v, ,
X _gjv ty, fo + (17 ¢, Cei tyto 9 (tyt)) = e¥i t,t, gltyty)) Vi, Vi
= e” (t,t)gV? . Vt + 7
o 1 0 1 o 1 - -
I h , o , i
® p1 _ _ %> 2
=T d"“oegeza( (fll" t)OZJVz g b tOVt o o 2h gty t) Ve Vi
10 ty, t 1 . .
tfoo P h ° ’ oo . ! !
¢ q to €oz (t1, to) —g ti, ty — tlo 95 E’elE ty, ty gty ) Ve Vt
= —G t:o egza (ty, to) g¥¢ (t1, to) Vi, + L # #
1 J o y J e (7‘]‘)6615 frto
a . &z (tr, to) 9 tl,’ o — v (o) gty t) Vi Vi
=—q e* (t,t)gVe Vt +
ts ©z% 1 0 ty, o 1 . .
: h 7 h . i

oo ) ,
T ] woep(?%lz‘? t(tlf l;o) vz_g ty, tov't" q tzo E‘gzg tr to g(t, ) V Vit
_ ,t)ag T

« 1 0 ty, Ly 1 .
h T (S¥4 i h i
1 . 1h e . .

g 4 tz;eglza (ta, to)ig ty, tth Vit + F 9t eoeza@ L ty, B, to, ty g (t, t) VaVh
—q LZ g% ot Lz R +I ; L"lh 9 (t, ot )]
.;2 LYE,lg(t,t)—qgly gv2 t,to —LE g ty to

Theorem 7 If 81 € T1 and 82 € T, with 61,62 >0
H _ 0:theTy,tr€Trandts <B1,t2 <62
616, (t1, )= 7 t1 €T, t2 €Trandty =61, t2 =62

2 ,
Then LY Et, Hg, 6, (t1, t2) = Zneg,a01 61,6210ty -
q
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Proof Given 81 € T1 and 82 € T2 with 81,862 >0

0: t1 €Ty, to €Trandty <B4, t2 <62
Hg, g, (t1, t2) =

1: 1 €T, t2 €Trandty =61, t2 =62
Then consider,

LYE H — I p. t,t,t t, H vtV
t 8,8 (ti,t eP1P2 LU, 1, 8 ,8 (ti, t t1Vt
. 5, (t1, t2) q , . 17727 0" o /8, (t1, t2) Vt1VE2
tO tO

I oo.f ® €50 L t1, t2, to, to
a Hg, g, (t1, t2) Vt1Vt2

=q , 1
to ty (1-v1z%) 1-vaz

.r ooJ’ ooeezael tl,tz,to,to
=gq a

8 6 (1-v1z9) h—vZ}, , O
e 1 t,t

Ooeeza(tito)V - ei 2 ;

= t1 q - Vb
6, (1-v 29 8,
f o a o 1 e.1 t t,

- a e 4

1 (-z") ez (trto) q .

= —_— th I:!
(—z%) g, 1-v,29 21 1-vol

1 Je ., 1
= o OFf eom(tnto)Vtn O-9%— O e
(=z%) 6, 5 & q
Jo v
1 e’ '« (t1, to) —tzz‘rooeVZ t,t Vt Vt
(-z%) 6, ©* 6 o+ ° 2 1
1
i

h .
= (z9) eozx (B4, to) qzee L 62, to

q2

= Ja€omo} 81, 82, to, to

Theorem 8 If G (2% q) = LGEt ,[g (ty, t2)], then
L#Er, Haye, (L 1) g(t, ) =eg,uq L 61,6.%,6 LiEr,lg(t,t)]
61, 62, to, to G Za,q .

= €gza0

Qe

Proof Given G (2% q) = L Et,[g (t1, £2)].
[ee] oo ’
o PP
L, Er, Hepe, (t, t2) g (t, ) ==gq . edye 1ty to to Heye, (ty t2) g (ty t2) ViVt
to %o
J ol o €ome1 11,12t T
=q ) g —Haye, (t1, 12) g (ta, 12) Va2VE2
oty (1-v1z%) l—vz(7
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f 0 f 0 Egpgl (t1, t2, 81, B2)
q

=q €orot 81, 62, to, to g (t1, t2) V1V,

61 62 (1-v129) 1—V2%
J ol eozpt (t1, tz, B1, 62)
q

g (t1, t2) Vta Ve,

= €crey 61, 62, to, to g

61 8, (1-vi1z9%) 1—V2(17
=egnuor 6162, %,% LiEtlg(ty, )]
5 ¢
=e 8,6 ,t,t Gza,q.
ozao 1 1 2 0 0
q
O

Definition 8 [9, 10] Let g1 : T1 x T2 = C and g2 : T1 x T — C be V- integrable functions,
then the double convolution of g1 (t1, t2) and g2 (t1, t2) is given by

(g1 % * g2) (t, t2) = ® f g1 (ty, t2, p1 (U1), p2 (u2)) g2 (U1, u2) VurVus.

Theorem 9 (Convolution Theorem) Let g1 : T1 xT2 - Cand g2 : T1 xT, - C
be Id-continous functions of exponential type Il having the a— Laplace Elzaki transform
LE Et, [g1 (t1, t2)] and L§ Et, [g2 (t1, t2)] respectively. Then

L7, Ers [(g1 % * g2) (t1, t2)] = L& Ee 5 [g1 (ty, t2)] - L& Ee 2 [92 (t1, t2)].

Proof L? Et2 [(g1 * * g2) (t1, t2)]
1

"o0 00 01,02

=0 ¢ ¢ ety to to ',[1(91 * % g2) (t1, t2)] Vt1Vta :
q ,
"o0 00 01,02 ’

t1 "t
=0t ¢ Cormo L ty, 13, to, fo tol t; g1 (ty, t2, p1 (u1), p2 (u2)) g2 (U1, U2) VurVuz  VilVE

" 00 =

= Z g ( ) g oy (ty, t2, p1 (U1), a2 (u2) - VP2 1t ty to, to VE1VEs VurV
't‘?f"l%"gzz ui,uz2 A4 pi(u1)  paluy) 91\, 12, p1.(U1), P2 (U2 erel 1, 12, to, to 1Vt u1Vuz

= to t'og(u,u)

x q.tzo .tzo g1 (t1, t2, p1 (u1), P2 (U2)) - Hp (uy),ps(uy) (t1, £2) + e‘;’;f; = ty, o, ito' to Vt1Vtz VuiVuz

‘oo - h
= & o 92(uL, @) LEEs Hp (uy)p,(u,) (t t2) - g1 (8, 12, p1 (u1), p2 (12)) VurVu?

From Theorem 7, wg get, , i

00 " 00 o
to to 92 (UL, u2) €ozey P1(U1),p2(u2),to to Ly Er, [g1(ty, t2)] VurVuz

=00 " 00 !
= ;Lg Et, [g1(tL, ©2)] q t, ¢ g2 (uy u2) epelﬁz’ie 1 Uy up to tg VurVua
q

= {Li Et [g1(ty, t2)] - L‘: Et [g2 (t1, £2)]. O
g t1 2 2
Applications

E)gample 1 Ccz)nsider the following dynamic equation
0°g(tyt2) _ 07g(tyta) | dgltuts) | g (t ,t.)=sin (t,t)

Vits V3ts Vats CALERP 3 1 0
with initial conditions,

g(t,0) =0, %% = sins (t1, to)
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9g(0,t2) _ 39( )
goPutlon AppIyYﬁE the o2 Laplace Elzaki transform on both sides,
h i
* L‘i‘lEtz[g(tL t2)] - 2% Ee 2[gfito, t2)] —Et § gV (o t2) |
qh L7, Et, lg;(ts, t2)] —q L g¥? 6,4 —LE g ty,t, + T LGEnlg(tyt] —

a
qL"’1 g t,t'O +9L°‘ E, [g(t,, 2)]—L°’ &, [sin 5(t , t 1.

Substltutlng the initial condltlons
LS Er g (t1, t2)] - 2% B¢ [0] - Et [3g (t2, 0)]

— qz_ LY Et, [g (t1, t2)] — g Lg; [sin3 (t1, to)] — LE, [0] + 17 HEt g (t, t2)] — g L%[0] +
?]'kf Zt}[‘u% gzp)]ace trhns 5’#35\ tgf E?%lzkl transform, we obtain
7% GEt Llg (ty, t2)] — 3¢® - HEt g (ty, t2)] - ?35 + 15 L%Et g (ta, t2)] +

9L*E [g(t,t)]= 397 .
t, t 12 z2o0Fg
On simplification, we get

zZa - ql + 1*"' 9 L%E to [g (tll tZ )] W 22a+9 +3q
Which gives,
L¥E [g(t, t)]= 39

t1 t 2 Z2oxg

On taking inverse transform, we get
g (t1, t2) = tasins (t1, 0).

Example 2 Consider the following dynamic equation
o%g(tits) | 50%g(tuts) | 304d(taty) _ g
1ty 2t Vat,
with initial conditions,
g(t2,0) =0, %440 = eqs (1, to)
(0, 12) = g1 (2.0), ) (t20)

go ution: gpp ving a- L%ﬁiace Elzaqq ransform on both sides,
h i

2 L%Etz[g (ty, t2)] - 2* Erz[g(to, t2)] — Et, gV (to t2) - & L%E:2[g(t1, t2)] -

i
{1 g0 _o g #f +3z“L‘flEt2[g(t1,t2)]—3Et2[g(t°t2)]=o
On subs tutlng given condltlons

7L Et [g(ty, ©2)] — 2% Et [91(t20)] + 3Et_[g1(t2,0)] + z La Ee [g(ty, t2)] —

2qL *leds (1, to)] - 2L [01+§z°‘L°‘ Ee_[g(ts, t2)7 - 3¢ [g1 (2, f] =
Takln a-Laplace transfor d Elza tran orm eobtaln
g pf g '§ Sform, We obIan Ly - & _ j1% 0] +
t1 t 2 q? t; b 1 2 z9%43 ty
32°L%Er 2[g (t1, )] - 3¢°
On simplification, we get

2%+ % +32% L%E olg(t 4 t)] =2 —3q° + J—z§+3 +3¢°.
WhICh gives,
LYE [g(t,t)]= 9 .

ot 12 7o¥3

On taking inverse transform, we get
g (t1, t2) = tzeos (t1, 0).
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Conclusion

This article examined the a-Laplace Elzaki integral transform on time scales, including
its application to elementary functions. An existence theorem and some basic proper-
ties were established. Future work will focus on solving partial dynamic equations on
time scales.

Acknowledgement

The author are extremely gratful to the referee for the valuable comments and
suggestions regarding improvement of the early version of the paper.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

&)

(10]

Agwa, H.A., Ali, F.M., Kilcman, A.: A new integral transform on time scales and
its applications. Adv. Differ. Equ. 2012, 60 (2012), 1-14.

Bohner, M., Peterson, A.: Dynamic Equations on Time Scales: An Introduction
with Applications. Birkhauser, Boston (2001).

Bohner, M., Peterson, A.: The Laplace transform and Z-transform: unification
and extension. Methods Appl. Anal. 9 (2002), 151-158.

Bohner, M., Guseinov, G., Basak, K.: Properties of the Laplace transform on
time scales with arbitrary graininess. Integral Transforms Spec. Funct. 22 (2011),
785-800.

Elzaki, T.M.: The new integral transform ?Elzaki transform?. Global J. Pure
Appl. Math. 7 (2011), 57-64.

Elzaki, T.M., Ezaki, S.M.: On the connection between Laplace and Elzaki
transforms. Adv. Theor. Appl. Math. 6 (2011), 1-10.

Shaikh, A.S.A., Amer, M.M.: Laplace?Elzaki transform and its properties with
applications to integral and partial differential equations. J. Nat. Sci. Life Appl.
Sci. 3 (2019), 96—-110.

Kushare, S.R., Takate, A.M., Patil, D.P.: Comparison between Laplace, Elzaki
and Maghoub transforms for solving system of first-order differential equations.
In: Proc. Int. Virtual Conf. Innovation in Multidisciplinary Studies, Aug. 4-5
(2021).

Thange, T.G., Chhatraband, S.M.: Laplace?Sumudu integral transform on time
scales. Southeast Asian J. Math. Math. Sci. 19(1) (2023), 91-102.

Thange, T.G., Chhatraband, S.M.: A new a-Laplace transform on time scales.
Jndnabha 53(2) (2023), 1-10.

1086



VOL-26, ISSUE -1, 2026 (Advanced Engineering Science)

[11] Verma, D.: Elzaki-Laplace transform of significant functions. Academia Arena
12(4) (2020), 38-41.

1087



