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Abstract:
In this paper characterizes the M* quasi paranormal composition operator and M* quasi

paranormal weighted composition operator on £2 spaces and investigates their various

properties.

Key Words:
M*quasi paranormal operator, Composition operator, Weighted composition operator.

1.Introduction
Let H be an infinite dimensional compact Hilbert space and B(H) be the algebraic of all

bounded linear operators acting on H. A bounded linear operator J in a Hilbert space H is said to
be M* quasi paranormal operator if it satisfies ||J **x||2 <M |IJ 3x|| .|J x ||, for each xe H,

where M is a real positive number.

1.1Preliminaries
Let £L2 = L%(x, Z, A) be the space of all complex valued measurable functions for which

fIfF?1dA< oo
Let C; be a composition operator on L2, which is caused by a non- singular measurable
transformation J can be defined as C;f = foJ, Vf € L?. When f € L? & for any +ve value K,
CYf = fod%, Cif =h.E(f)od ' and C;*f = he. E(f)og~* where hg=dA J=%/dA.

Let W=W, 5y be weighted composition on L% as (f = u. foJ) induced by a complex valued
measurable mapping u on x & measurable transformation J: x — ¥.

Suppose W* is the adjoint of the weighted composition operator W and

W*f =h.E(u.f)od *W*f = ug. fo JE
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W f = he E(ug. f)oJ ™
W*Wf = h,.E(uz)J‘1
WW*f =u(h.J).E(u.f), V f € L?

2. M* Quasi Paranormal Composition Operators
Characterization of M* Quasi Paranormal Composition Operator.
For all f, which is a bounded complex valued measurable function induces the bounded
operator M on L?%(2), defined as M. f=ff.VfE€ L2(2).
Furthermore, C*€ =M and C:C? = Mfo(z)[l 1]
Lemma:2.1
[8] Let 2 be the projection of L>on R(C), then C*Cf = f,f and C*Cf = (f,.J)Pf, Vf € L*(A)
where 2 is the projection L? onto R(C) & R(C) = {f € L?: fisJ ™'Y, measurable).
Theorem:2.2
If C € B(L? (1)), then C is of M* quasi paranormal iff M2f0(3) —22f,P +22f, > 0, a.e.
Proof
Assume C € B(L*(2)). When C is of M* quasi paranormal iff
M2C*3¢3 — 2AC%C*2? +2%C*Cc =0
Thus, ((M?C*3€3 — 2AC%C™2 + 22C*C) X, X,) = 0
As each characteristic function . in 3’ 3 A(E) <o

: *3MP3 _ 2Px2__ *P
Since, C*°C° = Mfo(s)[ll]’ c<ec Mfo(z),C‘ C =M, [4], we have

2 — 2
((M 1\{[fo(s) 2}ll\dft)(z) +4 1\{[fo)‘XE,/YE> =0
[, M = 22£,® + £, 2 0,VE in Y.,
Thus, C is of M* quasi paranormal iff szo(3) - Zlfo(z) + A%fy = 0ae.

Corollary:2.3
Suppose that C € B(L?(4)) with dense range. When C is of M* Quasi Paranormal iff

M2 = 22£,® + 22f, 2 0
Example:2.4

If X =N, where N is the collection of all natural numbers & 4 is the counting measure on it.

Describe :N—>Nas J(1) =1,J(n+m+1)=n, m=0,1,2..andn €N
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v M2 fo(g) - 2/1f0(2) + A%f, = 0, C is of M* quasi paranormal composition.

Theorem:2.5

If C € B(L? (4)), then C*€ M* quasi paranormal iff

[M2(foeD)PP] — 2A[(fooJ) P P] +A%[(fyoJ)P] = 0, a.e. where P is the projection of LZonto
R©).

Proof:

Let C* be M* quasi paranormal iff M?C*3€3 — 2AC2C** + A2CC* > 0

i.e. ((M?C*3C3 — 2AC%C*% + 2%CCHf, f) = 0 Vf € L?

We have (C*Cf, f) = ((fo °J)Pf, f), here P is the projection of L2 onto R(C).

Thus C* is of M* quasi paranormal iff

(M?[(fo oD PP] = 2A[(foe )P P] + A2[(foo I)PIS. f) = 0, a.e. Vf € L2,
i.e. MZ[(fo e )@ P] = 24[(foo )P P] + A2[(foeJ)P] = 0, ac,
Theorem:2.6

If C* € B(L? (1)) with dense range, then C* € M* quasi paranormal iff

N?[(fo o D®P] = 2A[(foe NP P] + A[(food)P] 2 0, ae,

3. M* Quasi Paranormal Weighted Composition Operators

Weighted composition operator caused by J is a linear transforming acting on the set of complex
valued ) measurable function f, stated as Wf = w(foJ),w is a complex valued Y, measurable
function. If w = 1, then W is a composition operator.

Let webe w(woJ)(woJ?) ... (weJ4~1). So that W"kf = Wk-k(fo(])kk [10]. To analyse the
weighted M* quasi paranormal composition in effect, from [9] the conditional expectation operator
E with J is denoted by E(./J 1Y) = E(.). E(f), stated V positive measurable

f € LP(1 < p) & is distinctively determined by the following restrictions:

(i) E(f) is J 1Y measurable.

(ii) If Bis a ™'Y, measurable set and [, fdA converges then [, fdA = [ E(f)d4

Here E on LP is identity (where E is a projection operator) iff J~1) = Y.

For more details [3,6,7]

Proposition:3.1
[3] Forw = 0,
() WWf =flEW]oJ*f

(i) WW* f=w(food)E(wf)

Characterization of weighted M* quasi paranormal composition operators is explained by the

75



V.Mallika, 2025 Advanced Engineering Science

theorem stated below.
Theorem: 3.2
Let W be a M* quasi paranormal operator iff
N2 EPIEW2)]0 973 — 2Af P [ElwZlo 372 + A2 fHIEwD]o L = 0 ac.
Proof
Let W be a M* quasi paranormal operator iff
MEWS3W?3 — 2AW2W*2 + 22W*W > 0
Hence, ((M*W*3W3 — 2AW2W*2 4+ 22W*W)F, f) = 0, Vf € L2
Since W'f = w(fo0J%) and W*f = fS[E(w)]od~, WW* = fE[Ew2)]oJ*f and
we have W*W [ = fo[E(w?)]oJ 1f forw = 0[4], and hence
LR IEWDI0 372 = 24f P [EWD]o I 72 + 22 f[EwD]o J7}dA 2 0, VE € 3.

So, M2 P [EW2)]o I3 = 2AfP[EwD)]o I + 22f,[EwD)]o I L = 0 a.e.
Corollary:3.3
Let J71Y = 3. W be a M* quasi paranormal iff

N2 wio 373 — 24£P WE)o J72 + 22fy(wHo I = 0 a.e.

- - 1 1

J, Aluthge transformation of (J is denoted as J = |J|z U|J|z introduced in [1].

Also, we can form the family of operators J: 0 < s <1 for J, = |J|SU|J|1~5[2].

For the composition operator C, polar decomposition is C = U|C| where |C|f = \/E f and

1
Ufz\/ﬁfod.

From [2], the general Aluthge transformation for composition is

¢, = elFulel=sand &, f = () fog.

Thus, C, is the weighted composite multiplicative operator of weight m = <;)2 for0<s<1

Vfood
« Cg is weighted composition, it’s simple to prove as |Cs|f =/ fo[E(m2)o J1If &

|Cs|f = vE[vf] where v = ﬂ
[E(\/fo0d)?12

Proposition:3.4

For every n€ N,
(DCFf = me(fo 0"
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WCf = f{PE(mef)og ™

@) eff = fy " Emd)og ™ f

Corollary:3.5

Let J71Y=Y, Cs € B(£L?)A. When Cq is of M* quasi paranormal iff

M2 (2o 373 = 24P (120 J2 + A2fy(m2)o It = 0 a.e.
Proof

S

fo )E, then C; is of M* quasi paranormal

food

Since Cg is M* quasi paranormal of weight m = (
it M2 £ P (n2)o 373 — 24 £P (2o J72 + 22f,(7%)o J* = 0 a. e. Since, B.P.Duggle[6] gave
the 2" Aluthge transformation as J= |{7 |% V|j |% and |ﬁ| = Vlj | is the polar decomposition of J.
From [12], ¢ =|CS|% VICSI%and Cs = V|C|: 0 < s < 1 is the polar decomposition of generalized

. . . .- . 1 sup’t
Aluthge transformation C;: 0 < s < 1 is a weighted composition of weight w' = Jam( X—f o)

J4
where | = fE(m?)o J1.
Corollary:3.6
IfJ7'Y=Y, ¢ € B(£2(A)). When € is of M* quasi paranormal iff
N2 P w')o 373 = 24£,P (W'3)o % + 22 fy(w')o I 2 0 a.e.

Proof

A 1 . 5. .
Let C is a weighted composition with weight w' = Jam( XSLf’] o), from this C is of M* quasi

J4

paranormal iff
M2 (w'3)o g7 — 2af,P (w'3)o 32 + 22f,(w)o g™t 2 O a.e.
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