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Abstract
In this paper, we provide sufficient conditions for the third-order advanced difference equations of
the form

AdOAFEOAXE) + p(Ox(E(E)))) - hEX(E +1) = (&) f (x(a($) = 0; & 2 & to be oscillatory
or to have property-B. In contrast to the current results, we established sufficient conditions for all
solutions of the studied equation to be oscillatory. We provide examples to illustrate the results.
Keywords: Oscillation, Third-order difference equation, Property-B, Advanced argument.
Mathematics subject classification: 39A05, 39A21, 39A99.

1. Introduction

In this paper, we investigate the oscillatory behavior of third-order advanced difference equations
of the form

AldAMHOAEE) + pOXEEN) - HEOXE +1D) =) f (o (€)) = 0§ = &A1)

where no is a non-negative integer and we assuming the following conditions hold

[Ha]{d( &)},{r( &)},{h( &)} and  {q( &)pare  positive real sequences for & e Nand

0< p(S)< py <0
[H2] {o-(g)}is an increasing sequence such that (&) > £ + 1for all E>E;

[H3] z(&) > 7, > 0; 7(&)is a sequence of positive integers for all &> & ;

[Hizoo=007;
[Hs] f is continuous, non-decreasing real-valued function such that af(a) > 0 for a # 0 and

f(ab) 2 f(a)f (b) for ab>0;

[He] There exists & which is positive integer satisfies % > 1 for all E>T;

A solution of equation (1.1), we mean a real sequence {x( &)} that satisfies (1.1) forall £>£ . A

non-trivial solution of (1.1) is said to be oscillatory, if it is neither eventually positive nor eventually
negative, otherwise it is non-oscillatory. A difference equation is said to be oscillatory (non-
oscillatory) if all of its solutions are oscillatory (non-oscillatory).

The study of oscillatory behavior of difference equations has received considerable attention over
the past decades due to its theoretical significance and applications. A number of works have
addressed oscillation criteria for various classes of difference equations; see, for instance, [1]—
[3],[5],[10],[ 14]. In particular, the oscillatory and asymptotic properties of third-order difference

2683



I. Mohammed Ali Jaffer 2026 Advanced Engineering Science

equations have attracted increasing interest among researchers [4],[7]-[9],[12]-[15]. Several
authors have developed oscillation results for third-order equations by employing comparison
principles, averaging techniques, and related tools .[[3],[6],[11]-[16]] the authors used for
oscillation of all solutions of third order difference equations was established with the help of
comparison method and averaging technique.

2. Basic Lemmas

For the sake of simplicity, we define the following:

L _r®
G()= Z d( [ 8 = X(E) + PO E) = dOGEGE T D:iE) = ¢ =
= R o 1 &1
— ) =— h f
T()= QZ%Z() 1= 25V O= 20 2y B Z@Z[ﬂ (@)+q(@}  for

azézé:iWhere & 28
If {x(éf)} is a positive solution of (1.1) then {x(f)} is also a positive solution of the canonical
equation

AUSAGOAXE) +PEXEN))=AE(E+D) +¢(E) f (o)) @1
We introduce the following class of non-oscillatory (Without loss of generality we say positive)
solutions which give the sign structure of possible non-oscillatory solutions to equations (2.1).

X(E) €8, : AX(E) + p(EX(2(E))) > 0, A(E)AX(E) + p(E)x(r(£)))) < 0;

A AGEAX(E) + p(E)x(x(£))))] > Osand

xX(€) €S, 1 A(X(E) + p(E)x(2(£))) > 0 AWUEAX(E) + p(&)x(2(£))))> 0

AHEAGUOAXE) + pEx(T(E))]>0;

eventually, for all £>¢& > £ . The preceding discussion clarifies the framework of potential non-

oscillatory solutions of (1.1).
Lemma 2.2. If x(&) € S, is a positive solution of (2.1) and

ih(a)U (o(a))=m (2.2)

a=¢

S Uo@) = 2.3

Then, X(8)+ p()x(z(5)) is eventually increasing

U(s)
Proof: Assume that {x(&)} is a positive solution of (2.1) such that x(&)eS,. Then, the

corresponding function w(&) satisfies
W0 (&) = x(0(8))+ p(e(ENX((0(£))) < X(0(£)) + pyx(0(z, ). First we claim that (2.2) and (2.3)
implies
lim()AUEAR(E) + pER((EN)) =5 @4
I£ not, then lim /($)AW(E)A(E) + EN(E(§)))) = 2M.M >0
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and since, /(£)A(i(E)A(X(E)+ p(&)x(z(£)))) is decreasing. We have
UOAUOAXE) + p(&)x(x(£)))) > Meventually.

Summing up the last inequality, we get
X&)+ p(&)x(z(£)) 2 MU() then,
Jx(a(©)) 2 f(M)fU(o(5)) 2.5)

Now summing equation (2.1) from &, to oo, and using equation (2.5) leads to
MY [H@)U(o(@n]+ fDY Ja(@) fUlo(a))]s2M

a=¢ a=¢
This contradicts (2.2) and (2.3), hence our claim has been proven.

Next using l(f)A(l(ﬁ)A(x(f) +p(&) x(r(&f)))) to be increasing, we see that for all E>&2€),

£ ,
O+ POXEE)) = HEAXE )+ p(E (e (& )+ 3 (DA@A(@) + play(z(ar))

po l(a)
<iEA(E) + pE)XEEN)+UHAUHANE) + p(§)x((£)) 52;,%
By (2.4), this implies
I(O)ARXE) +PEN(E(E)) = i(E)AK(E) + pl& )x(r(él)))+l(é)A(i(é)A(x@+p(§)x<r<§))))2@for

all £ letus say &> §2 > 51. Hence,
A(i(s)A(x(f:) + p(é)x(f(é)))j _ TOUHAUDANE) + pEX((EN) = HSAXE) + pE)x(z(£)) _
T() UHTET(E+D)

which means that A[i(é)A(x(f )+ p(E)x(z(£)))
()

jis increasing for £> &, > &

From this we obtain

£l :

KO = X(E) + PENE(EN)— pExEEN+ 3 LEOHOANE) + pEX((E))
2 T(E)i(E)

I(EA(x(E) + p(O)x(7(E))) % T(x)

7)) az, ()

= x(&) + p(&)x(7(5)) — p()x(z(S)) +

l(f)A(x(f) + p(EX(z(E))) < Z 7(x)
(&) o5 (a)

(2.6)

On the other hand, by Discrete L’Hospital rule

iy (D PO () + pl&pn(e(2) o
and so by (2.6), there exists £3 > &2 such that
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i()AX(E) + p()X(#(S)) i I'(a)
(&) i)

x(&) < §2&;

Hence,
A( (&) + p(@x(r(é»} _ U@iOAX(E) + p()x(2(£) = x(&) + p(OX(NTE) _
U (HUEUE+1)

which implies () + p)X(z(S)) is eventually increasing. The proof of the lemma is complete.

U()

Lemma:2.3 If x(¢&)is a positive solution of (2.1) such that x(&) € S, Then X&)+ ];g;X(T(é)) is

eventually decreasing.
Proof: Assume that x(g)is a positive solution of (2.1) such that x(&) e Slfor all E>E,.

Then {(£)A(X(E) + p(§)x(z(£))) is decreasing and

& i(@)A(x(a) + p(a)x(7(@))) 1

s-l1
NGEDY : > i(&)AX(E) + p(&)x(z(£)) Z
a=¢, l(a) :'f )
This implies
(x(§)+p(cf)X(r(§))] HEOUA(E) + pEOX(TEN) =X + pEOXTE) ) o
1(&) (EIEI(E+]) T
which implies x(e)+ l; ((fg))x(T(cf)) is eventually decreasing. This completes the proof.
Lemma 2.4 : Assume that (2.2) and (2.3) holds and
lim 5 =M, <o
5 f(£)
28 1 a+l 1 p+1
If li h U M,
i { TG Z; “ )g 52 Z[ Fh(r)+a())f( (o(y)))]} > -

then the class S3 is empty for (1.1).
Proof: Let {x(g)}be an eventually positive solution of (1.1). By corollary 2.1, {x(éf)} is also a

positive solution of (2.1) and assume that x(&) € S,for all &> £ . Summing (2.1) from & to k+1,

we get

A(i(k)A(x(k)+p(k)x(r(k))))zf(

Again summing, we get

k+1 a+l p+1
(6 + p(R)x(e(k)) 2 f( ;(("((?))JZ | (l ) l(lﬁ) S IF(H() + g U (o)) etting
ae @) 5= ()55

k=2&— 1and (O-(‘f)) , we obtain
U ()

x(o(&)) ) 1 K+l
U(@ﬁhmggﬂmmﬂﬂmVmem]
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o o1 (x(o(af))]”f Lgi 1 Qe U Taking i
Y@ Ue@) | U j2ia) Zigp & B+ 4)/ Ule()] Taking fim sup

as y — ooon both sides of the inequality, we obtain a contradiction and therefore the class Ss is
empty for (2.1).

3 Main Results

We present some criteria for the class Si of (2.1) to be empty.

Definition 3.1 [2]: Property-B

An Equation is said to have “Property-B”, if every solution of the equation has any of the following
properties:

J { x(&)} 1s oscillatory.
o { x(&)} 1s weakly oscillatory (i.e) { x(&)} is non oscillatory, while {A(x(é))}is oscillatory.
o x(&)converges monotonically to zero as £ — co.

By “Property-B” of (2.1), We mean that every solution of (2.1) satisfies the class Ss. In the view of
corollary 2.1, equation (1.1) has Property-B.

Theorem 3.2: Assume that i% i%ﬁ i [f (h(7)+ q(»)] = o
a=¢, ! ﬂ= 7=
3.1)

and 1im S =M, <o

o0 f(S)

o(&)-1

If1lim sup{ f[ JZ fU(c())(a+1)E(a)+ Zl(,&’ +1)E(B)+ ZE(ﬂ)} > M,

g0 I(o(2)) )i & B=0($) (3.2)

then, (1.1) has Property-B.
Proof: Let { x(&)} be an eventually positive solution of (1.1). { x(&)} 1is also a positive solution of
(2.1) and x(&)eSor x(&) e S3for all £> &,- Now assuming that x(&) e Slfor E> §O.Summing

up (2.1) twice from &, to oo,we get

i(E)A(X(E) + p(&)x(z(£))) 2 Z 1 Z[h<ﬂ>x(a<ﬂ>)+q(ﬂ)f(x(a(ﬂ)))] Z[E(a)f(x(a(a)))]

(@)
a=% B=< a=&
where we used the monotonicity of f(x(o(£)))- Summing up the last inequality from & to &1

and then
<l ] &

x(8) + p(&)x(r(8)) 2 272 (B (x(a(p))) 2 Zl(a+1)E(a)f(x(0(0€)))+1(§)ZE(,3)f(x(0(ﬂ)))
a=&, ! ﬁ: a=¢,
Thus,
o($)-1
x(o(8)) 2 21(0!+1)E(06)f(x(0(05)))+ Zf(ﬂﬂ)E(ﬁ)f(x(U(ﬂ))) +($) ZE(ﬂ)f(x(G(ﬂ)))
a=¢&, p=0($)
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X&)+ p(S)x(7();s decreasing, we have
1($)
o($)-1

x<0(5)>>(1J Ia+1E I(B+DEB)+1 E
ol 5)))—f @) Z (e +)E(a)+ Z (B+DE(B) + (a((:))ﬂ;@ 1)

It follows from (3.1) that x(&) — 0 as & — co. As £ — ooon both sides of the above inequality,

employing x(&)+ p(&)x(z(£)) s increasing and

we are now taking limit superior. We obtain a contradiction and so x(&) e S, Then (1.1) has

Property-B. The proof of the theorem is complete.

Theorem 3.3: Assume that i% i[ FB)+a(B)]f U (a(B))) = (3.3)
a=¢, p=<
and ljmi =M, <o
0 (&)
If
fU (o)) &'
I I(a+1)E I(B+1)E I E M,
{[ Tt g))JZ‘,f( (c(@)(a+DE(a)+———— Iow) /; (B+DE(B)+ f( (G(W)))ﬂ;@) (ﬂ)}>

3.4)
then, (1.1) has Property-B.
Proof: Let {x(g)}be an eventually positive solution of (1.1). {x(f)} is also a positive solution of

(2.1)and x(&) e S, or x(&) e S,for all £>¢& . Now assume that x(&) € Sfor &> £, By lemma

2.3, we see that X&)+ p (§)x(r(§))is decreasing and we shall prove that (3.3) implies

(&)

hm( x(§)+ p(i)x(r(é))j _

= (&)

If not, assume that hm[x(f) + p(f)x(r(i))j _ I >0. Then, [x(é) + p(é)X(r(f))j .
b 1($) 1(&)

and consequently, f(x(c(£))) = f(L)f(I(c($))
Summing the equation (2.1) twice from & to o

0

(OMHE) + PO 3 ih(ﬂ)x(a(ﬂmq(ﬂ)f(x(a(ﬁ)))]
:5 ﬂ:
> f(0)Y w2 i [W(B)x(a(B)) + a(B)f (((B))]

a=§&,

which contradicts (3.3) and we conclude that (3.5) holds.
Let 171(&) = O+ PONEE) gy

I(a(%))
H(&) >( 1 j , T s DE(ey s LLCEN R o ] E
HE) @) D fU(e(@)(a+DE(@)+———22= 1) ﬂzﬁ (B+DE(S)+ /( (0(5)))/};@ V)]
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Taking lim sup as & — ooon both sides of the inequality, we obtain a contradiction and so  x(&) € S,

. Therefore (1.1) has Property-B. This completes the proof.

In the following, we apply the criteria obtained to the equation:

AdOAFOAXE) + pEX(T(E))))) - h(ER(E +1) = g(&)x’ (o(£)) (3.5
where ¢is a ratio the odd positive integers

Corollary 3.4: Assume § >1 and (3.1) holds. If

a(&)-1
hmsup{l (a(f))zﬁ(a(anl(a+1)E(a>+ D 1(B+DE(B) +1(ow) ZE(ﬂ)} >0 (3.6
a=¢& p=¢ p=c(&)

then, (3.5) has Property-B.
Corollary 3.5: Assume § =1 and (3.1) holds. If

o(g)-1
limsup{ Zl(o(a))l(a +DE(e)+ Zl(ﬂ+ DE(B)+1(c(y)) ZE(ﬁ)}
oo | 1(0(E)) iz )

3.7
then, (3.5) has Property-B.
Corollary 3.6: Assume § <1 and (3.1) holds. If

= I’ (o(e) " 5 } 3.8)
lim [ HE 1 HE 1 E 1 .
gﬁw {[( (5));‘5, (o(@)(a+1)E(a)+ Io@) Z (B+DE(S)+ (G(G))ﬁ;@ B>

then, (3.5) has Property-B.

Theorem 3.7 :

Assume that all the assumptions of Theorem 3.2(Theorem 3.3) and Lemma 2.4 hold and Combining
the criteria for both class S1 and S3 being empty. We get the oscillation of (1.1). This completes the
proof.

4 Examples

Example 4.1: Consider the third-order advanced difference equation

1 1 7E +27E+14 9E% +29& + 22
Al —A ——A — 1) - 1)
{ (5 (5“ X+ (§)+X(T(§)))m FEnE+ 0y ) T HE e ey CETY

Ex1

4.1)
All the conditions of Theorem 3.7 are satisfied. Hence every solution of (4.1) is x(&) = (=1)*.

Therefore the equation (4.1) is oscillatory.
Example 4.2: Consider the third-order advanced difference equation

_1\¢ _1\¢ _ _
Az[éA(x<§>+p(é)x(r(f)))]—[9‘“ I 5]x(é+1)—<7§+s>f<x<§+1»:o
4.2)

All the conditions of Theorem 3.7 are satisfied. Hence every solution of (4.2) is x(&) = [1 —(-1)°* ]

Therefore the equation (4.2) is oscillatory.
Example 4.3: Consider the third-order advanced difference equation
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A{§(§+1)AGA(X(§)+p(é)x(r(é)))ﬂ—éX(ﬁ D+ [ jf( (G@O).E>1 @)

4 5(5 1)
A simple calculation shows that G(&) = é;[(g) =1,i(¢&)=1,0(&) =2¢; f(x) = x,

1(5)=¢&,1(0(5)) = 2¢, U(§)~§— E() =

becomes

26-1
i P 41 b+1>1
“?fi‘p{z Z Dy TS ﬁ(ﬂ D izzgﬁ(ml)} o

Hence, the solutlon of equat10n (4.4) converges monotonically as & — co.

Condition (3.1) holds for b > 0. Then (3.7)
5(6 b}

Example 4.4: Consider the third-order advanced difference equation
A{zé“ o 8o+ p(é)x(r(é)))ﬂ w447 j (E+2.621 (45)

A simple calculation shows that G(¢&) =

(&) =—7,1(9) o(&)=c+2;

25’ 25’ 25’

I(&)=28,E(E) ~ g—? Condition (3.1) holds for b > 0. Then (3.6) becomes

&l o+l

hm Sup 2i+4 2(22a+4 )(2a+1 Z(zﬂH 2§+2 Z 6b } 36b 1

gw 2 a=¢ B=E+2 2
Hence, the solution of equation (4.5) converges monotonically as & — co.
Then the condition (3.11) becomes

. 1 <& s 0b

lim sup{—4 e Z 22 Z 47

£ e e L4

Therefore the condition satisfies the theorem 3.3. Hence (4.5) is oscillatory.

Example: 4.5 Consider the third-order advanced difference equation

AP&IA&A@(&Hp(@x(r(i)))ﬂ &+ 1){ J/ (E+2),621 (4.6)

23 23

where, G(£)=—:1(£) =

(&)= ,q(f)— 45; 1($)=2¢, E(§)~—/
23

Condition (3.1) and (3.3) holds for b > 0. Then (3.8) becomes

(9‘2/ Z

= .§+22

25’ 25’

§+1

1 / a+l ﬁ+1
limsuyj 2 2 2
§~)oop 2¢f+2 Z( )( 20(3 2§+2 Z(

=48b >0

Hence, the solution of equation (4.6) converges monotonically as & — oo.

Then the condition (2.7) becomes
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. 1 ¥ _,& £, 6b 2
limsup WZZ Z2ﬁ2—47 =0
e R = 24%
Where b > 0. Therefore the condition satisfies the theorem 3.7. Hence (4.6) is oscillatory.
4 Conclusion
The conclusions produced in this study augment and generalize previous results for equation (1.1)'s
specific instances. We determined the requirements for the third-order advanced difference
equation's oscillation solution. The aforementioned instances highlight the importance and
applicability of the demonstrated outcomes.
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